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Abstract We investigate the metric behavior of the Kahler-Ricci flow on the Hirzebruch sur- 
faces, assuming the initial metric is invariant under a maximal compact subgroup of the auto- 
morphism group. We show that, in the sense of Gromov-Hausdorff, the flow either shrinks to a 
point, collapses to or contracts an exceptional divisor, confirming a conjecture of Feldman- 
Ilmanen- Knopf. We also show that similar behavior holds on higher-dimensional analogues of 
the Hirzebruch surfaces. 



1 Introduction 

The behavior of the Kahler-Ricci flow on a compact manifold M is expected to reveal the metric 
and algebraic structures on M. If M is a Kahler manifold with Ci(M) = then the Kahler-Ricci 
flow duj /dt = —Ric{uj) starting at a metric Uq in any Kahler class a, converges to the unique 
Ricci-flat metric in a HCaolL HYIL If Ci(M) < 0, the normalized Kahler-Ricci flow 

d 

— = Acj — Ric(u;), lj{0) = loq, (1.1) 
with A = — 1 and uq E \ci{M) converges to the unique Kahler-Einstein metric HCaolH . [|Y1| . 

m. 

If Ci(M) > then Kahler-Einstein metrics do not exist in general. If one assumes the ex- 
istence of a Kahler-Einstein metric then, according to unpublished work of Perelman l|P2l (see 
HTZhull ). the normalized Kahler-Ricci flow (|l.ll) with A = 1 and ujq E Xci(M) converges to a 
Kahler-Einstein metric (this is due to BHl, HChM in the case of one complex dimension). By a 
conjecture of Yau [IY2II . a necessary and sufficient condition for M to admit a Kahler-Einstein 
metric is that M be 'stable in the sense of geometric invariant theory'. Tian dXl later proposed 
the condition of K-stability and this concept has been refined and extended by Donaldson llDll . 
One might expect that the sufficiency part of the Yau-Tian-Donaldson conjecture can be proved 
via the flow (11.11 ). Indeed, the problem of using stability conditions to prove convergence prop- 
erties of the Kahler-Ricci flow is an area of considerable current interest and we refer the reader 
to I1PS21 . rtPSSH . HPSSWIL HPSSWIL E, dSia, HPSSWBH . irioll and [ICWl for some recent ad- 
vances (however, this list of references is far from complete). We also remark that if M is toric, 
it turns out that the stability condition can be replaced by a simpler criterion involving the Futaki 
invariant, and the behavior of (11.11 ) is then well-understood HWZL UZhull . 

There has also been much interest in understanding the behavior of the flow (11.11 ) with A = 
— 1 on manifolds with Ci(M) < (and not strictly definite). In this case, smooth Kahler-Einstein 
metrics cannot exist and the Kahler class of uj{t) must degenerate in the limit. If M is a minimal 



'Research supported in part by National Science Foundation grants DMS-06-04805 and DMS-08-48193. 



model of general type, it is shown in IITsl and later generalized in HTZhall that the Kahler-Ricci 
flow converges to the unique singular Kahler-Einstein metric. If M is not of general type, the 
Kahler-Ricci flow collapses and converges weakly to a generalized Kahler-Einstein metric if the 
canonical line bundle is semi-ample IISoTl[[SoT2ll . 

In contrast, the case when ci (M) is nonnegative or indefinite has been little studied. In com- 
plex dimension two, it is natural to consider the rational ruled surfaces, known as the Hirzebruch 
surfaces and denoted Mq, Mi, M2, . . . Indeed, all rational surfaces can be obtained from and 
Hirzebruch surfaces via consecutive blow-ups. In this paper we describe several distinct behav- 
iors of the Kahler-Ricci flow on the manifolds M^. We consider the unnormalized Kahler-Ricci 
flow 



for ujq in any given Kahler class. Write u{t) = 2^9il^^^ ^ 9 ~ •S'(^) Kahler metric 

associated to uj{t). We find that, in the Gromov-Hausdorff sense, the flow g{t) may: shrink the 
manifold to a point, collapse to a lower dimensional manifold or contract a divisor on M^. As 
we will see, the particular outcome depends on k and the initial Kahler class of uq. Much of 
this behavior was conjectured by Feldman, Ilmanen and Knopf in their detailed analysis HFIKII 
of self-similar solutions of the Ricci flow. We confirm the Feldman-Ilmanen-Knopf conjectures, 
under the assumption that the initial metric is invariant under a maximal compact subgroup of 
the automorphism group. 

Our results in this paper give some evidence that the Kahler-Ricci flow may indeed provide 
an analytic approach to the classification theory of algebraic varieties as suggested in IISoT2ll . 
In general, if the canonical line bundle Km is not nef, the unnormalized Kahler-Ricci flow 
(|1.2I) must become singular at some finite time, say T. If the limiting Kahler class is big as 
t — »• T, a number of conjectures about the behavior of the flow have been made in HSoTll 
IS0T2II . It is conjectured that the limiting Kahler metric has a metric completion (M', dx), where 
M' is an algebraic variety obtained from M by an algebraic procedure such as a divisorial 
contraction or flip. It is further proposed in HSoTBII that (M, uj{t)) should converge to (M', dr) 
in the sense of Gromov-Hausdorff. Our main result in this paper confirms this speculation in 
the case of blown up at one point (with any initial Kahler class) and a family of higher- 
dimensional analogues of Hirzebruch surfaces if the initial Kahler metric is invariant under a 
maximal compact subgroup of the automorphism group. 

The Hirzebruch surfaces Mq, Mi, . . . are projective bundles over which can be described 
as follows. Write H and Cpi for the hyperplane line bundle and trivial line bundle respectively 
over P^ . Then we define the Hirzebruch surface Mk to be 



One can check that Mq and Mi are the only Hirzebruch surfaces with positive first Chem class. 
Mo is the manifold P^ x P^ and wiU not be deak with in this paper (see instead HPSIH . llP2l . 
irrZhul . IIPSSW2L JZhul). Ml can be identified with P^ blown up at one point. It is already 
known that the normalized Kahler-Ricci flow (11.11) with A = 1 on Afi starting at a toric metric uq 
in ci(Mi) converges to a Kahler-Ricci soliton after modification by automorphisms (see UZhuH 
and also IIPSSW3II ). However, the manifold Mi is still of interest to us since we are considering 
the more general case of the initial metric luq lying in any Kahler class. 



—u = - Ric(u;), uj{0) = Uq. 



(1.2) 



Mfc = P(i7'=©Cpi). 



(1.3) 
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Assume now that k > 1 and denote by Doo the divisor in given by the image of the 
section (0, 1) of H'^ © Cpi. Since the complex manifold Mk can also be described by P(Cpi © 
we can define another divisor Dq on Mk to be that given by the image of the section (1,0) 
ofCpi ©i/-^ 

All of the Hirzebruch surfaces admit Kahler metrics. Indeed, the cohomology classes 
of the line bundles [Dq] and [-Dqo] span H^'^(M; R) and every Kahler class a can be written 
uniquely as 

a = ^[D^] - ^[Do] (1.4) 

for constants a, b with < a < 6. If denotes the Kahler class of a solution uj(t) of the flow 
(II. 2|) then a short calculation shows that the associated constants at, h satisfy 

b^ = bo-t{k + 2) and at = ao + t{k - 2). (1.5) 

Our goal is to understand the behavior of the Kahler-Ricci flow with initial metric ujq in any 
given Kahler class a. We focus on the case when c^o is invariant under the action of a maximal 
compact subgroup Gk = U{2)/'Lk of the automorphism group of A/^. We will say that ujq 
satisfies the Calabi symmetry condition. This symmetry is explained in detail in Section [Z2l and 
was used by Calabi HCalU to construct extremal Kahler metrics on Mk (see also HSzlH ). Our first 
result shows that under this symmetry condition we can describe the convergence of the flow 
(M, g{t)) in the sense of Gromov-Hausdorff. 

Theorem 1.1 On the Hirzebruch surface M^, let uj = uj{t) be a solution of the Kdhler-Ricci 
flow ^i.2P with initial Kahler metric ujq satisfying the Calabi symmetry condition. Assume that 
ujq lies in the Kahler class given by Cq, 6o satisfying < ao < &o- Then we have the following: 

(a) Ifk > 2 then the flow ( |i.2|) exists on [0, T) with T = {hQ—ao) /2k and {M^, git)) converges 
to (P^a^^fps) in the Gromov-Hausdorff sense as t ^ T, where gps is the Fubini-Study 
metric and is the constant given by di.5l) . 

(b) Ifk = l there are three subcases. 

(i) Ifbo = 3ao then the flow di.2P exists on [0, T) with T = a^ and (Mi, g{t)) converges 
to a point in the Gromov-Hausdorff sense as t —* T. 

(ii) lfhQ< 3ao then the flow di.2l) exists on [0,T) with T = {pQ — a^l2k and, as in 
{a) above, {Mi,g{t)) converges to {F^,aTgFs) the Gromov-Hausdorff sense as 
t-^T. 

(Hi) Ifbo> 3ao then the flow di.2D exists on [0, T) with T = oq- On compact subsets 
of Ml \ Dq, git) converges smoothly to a Kahler metric gr- If (M, dx) denotes the 
metric completion of {Mi \ D^^gT), then {Mi,g(t)) converges to {M,dj') in the 
Gromov-Hausdorff sense as t T. (M, dx) has flnite diameter and is homeomor- 
phic to the manifold P^. 

We now make some remarks about this theorem. As mentioned above, the manifold Mi can 
be identified with P^ blown up at one point. The case (b).(i) occurs precisely when the initial 
Kahler form lies in the first Chem class ci (Mi ) . This situation has been well-studied and the 
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convergence result of (b).(i) is an immediate consequence of the diameter bound of Perelman 
for the normalized Kahler-Ricci flow l|P2ll . USeTII . In the case (b).(iii), we use the work of IITsll . 
HTZhaL UZhaB to obtain the smooth convergence of the metric outside Dq. Our result shows that 
the Kahler-Ricci flow 'blows down' the exceptional curve on Mi. For more details about this 
see Section m 

We see from the above that, assuming the Calabi symmetry, there are three distinct behaviors 
of the Kahler-Ricci flow on a Hirzebruch surface, depending on k and the initial Kahler class: 

• The fiber collapses (cases (a) and (b).(ii)) 

• The manifold shrinks to a point (case (b).(i)) 

• The exceptional divisor is contracted (case (b).(iii)). 

We can say some more about the cases (a) and (b).(ii) when the fiber collapses. If Dh 
denotes any fiber of the map tt : Af^ then the line bundle associated to Djj is given by 

[Dh] = 71* H. The cohomology class of Djj is represented by the smooth (1,1) form x = '^*^fs 
where cups is the Fubini-Study metric on P^. We can show that in the case k > 2 or k = 1 with 
Bq < 3aQ, the Kahler form uj{t) along the flow converges to axX in ^ certain weak sense which 
we now explain. Define for < t < T = (bo — ao)/ 2k a reference Kahler metric 

u, = aa+^^^e, (1.6) 

in at, where ^ is a certain closed nonnegative (1,1) form in 2[Doo] (see Lemma \2A\ below). 
Observe that cot converges to axX ast^T. Now define a potential function if = Lp(t) by 

uj{t) = oot + ^ddip{t), (1-7) 
Ztt 

where is subject to a normalization condition <^|p=o = (see Section H]). Then we have: 

Theorem 1.2 Assume that k > 2 or k = 1 and bo < 3ao- Letuit) be a solution of the flow U.2\l 
on Mk with ujq satisfying the Calabi symmetry condition. Then for all (3 with < P < 1, 



(i) (p{t) tends to zero in C],f{Mk) ast-^T. 



(ii) For any compact set K C Mk \ (-Doo U Dq), ip{t) tends to zero in Cff{K) as t ^ T. In 



particular, on such a compact set K, Lj{t) converges to arX on C~ {K) ast^T 



go 



90' 



In addition, we can extend our results to higher dimensions by considering P^ bundles over 
pn-i ^Qj. > 2. Write H and Cpn i for the hyperplane line bundle and trivial line bundle 
respectively over P"^^ Then we define the ra-dimensional complex manifold M„ ^ by 

M,,fc =P(i/^-©Cpn-l). (1.8) 

We can define divisors Dq and D^o in the same manner as for Mk above. The cohomology 
classes [Dq] and [Doo] again span i/^'^(M;]R) (see for example nOHH or fllSl) and the Kahler 
classes are described as in (11.41 ). Similarly, we have a Calabi symmetry condition, where the 
maximal compact subgroup of the automorphism group is now Gk — U{n)/'Lk (see Section 
12.21) . We have the following generalization of Theorem [LTI 
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Theorem 1.3 On Mn^k> l^t ^ = uj{t) be a solution of the Kahler-Ricci flow ^i.2P with initial 
Kdhler metric uoq satisfying the Calabi symmetry condition. Assume that ujq lies in the Kdhler 
class ao given by oq, &o satisfying < ao < &o- Then we have the following: 

(a) If k > n then the flow (1221) exists on [0, T) with T = {Bq — ao)/2k and {Mn^k, g(t)) 
converges to (P""^, argps) in the Gromov-Hausdorff sense ast—^T. 

(b) Ifl<k<n — 1 there are three subcases. 

(i) If ao{n + k) = bo{n — k) then the flow ( |i.2P exists on [0, T) with T = and 
{Mn^k, g(t)) converges to a point in the Gromov-Hausdorff sense ast^T. 

(ii) Ifao{n+k) > h^iji—k) then the flow di.2D exists on [0,T) withT = {bo— ao)/ 2k and, 
as in (a) above, {Mn^k, g{t)) converges to (P""^, aTfifps) in the Gromov-Hausdorff 
sense ast^T. 

(Hi) If ao{n + k) < bo{n — k) then the flow di.2P exists on [0,T) with T = ao/{n — 
k). On compact subsets of Mn,k \ Do, gif) converges smoothly to a Kdhler metric 
qt. If (M , dj) denotes the metric completion of {Mn± \ Dq, qt), then {Mn^k, gif)) 
converges to (M, dx) in the Gromov-Hausdorff sense as t T. (M, dx) has flnite 
diameter and is homeomorphic to the orbifold P"/Zfc (see Section IZil) . 

We also prove an analog of Theorem 11.21 in higher dimensions (see Theorem 14.21 below). 
Since Theorem 11.31 includes Theorem 11.11 as a special case, we will prove all of our results in 
this paper in the general setting of complex dimension n. We will often write M for A/„ fc. 

Finally, we mention some known results about Kahler-Ricci soli tons on these manifolds. 
For 1 < k < n — 1, the manifold M„ ^ has positive first Chem class and admits a Kahler-Ricci 
soli ton HKoil ICao2ll . In addition, Kahler-Ricci soli tons have been constructed on the orbifolds 
P"/Zfc for 2 < k < n — 1 HFIKM and, in the noncompact case, on line bundles over CP""^ 
[|Cao2[ iFIKl . The limiting behavior of such solitons is studied and used in [ FIK J to construct 
examples of extending the Ricci flow through singularities. Theorem 1 1 . 3 1 show s in particular that 
if the initial Kahler is not proportional to Ci(M„ fe), the Kahler-Ricci flow on M„ ^ < k < n) 
will not converge to a Kahler-Ricci soliton on the same manifold after normalization. 

The outline of the paper is as follows. In Section [2l we describe some background material 
including the details of the Calabi ansatz. In Section [3] we prove some estimates for the Kahler- 
Ricci flow on the manifolds Mk which hold without any symmetry condition. We then impose 
the Calabi symmetry assumption in Section |4] to give stronger estimates, and in particular, we 
prove Theorem II. 21 (cf. Theorem 14.21 ). In Section [5] we give proofs of the Gromov-Hausdorff 
convergence of the flow, thus establishing Theorems 11.11 and 1 1 .31 

2 Background 

2.1 The anti-canonical bundle 

Let M = Mn^k be the manifold given by (11.81) . The anti-canonical bundle K^^ of M can be 
described as follows. If tt : M ^ pn-i jg ^j^g bundle map then write Dh = 7r~^(i7„_i) where 



5 



is a fixed hyperplane in P" ^. Then the anti-canonical line bundle Kj^l is given by 

Kl^ = 2[Doo] -{k- n)[DH] = ^^^[/^oo] + ^^^^m. (2.1) 

and we have 

k[DH] = [DJ, - [D,]. (2.2) 

2.2 The Calabi ansatz 

We now briefly describe the ansatz of flCalll following, for the most part, Calabi's exposition. 
We use coordinates (xi, . . . , x„) on \ {0}. Then the manifold P"~i = (C" \ {0}) /C* can be 
described by n coordinate charts Ui, . . . ,Un, where Ui is characterized by 7^ 0. For a fixed i, 
the holomorphic coordinates z^^-j on Ui, for l<j<n, j^i are given by 2;^^-) = Xj/xi. Then 
M = Mn^k can be defined as the bundle over P"~i with a projective fiber coordinate on 
7r^^(f/j) which transforms by 

= (^^^ y(i)^ on 7r"^(f/i n f/^), (2.3) 

where tx : M ^ pn-i denotes the bundle map. Then the divisors Dq and D^o are given by 
= and = 00 respectively. We parametrize M \ {Dq U D^) by a fc-to-one map 
C" \ {0} — > M \ (Z^o U -Doo) described as follows. The point (xi, . . . , x„), with Xj 7^ say, 
maps to the point in M \ (Dq U Doo) H Tv^^{Ui) with coordinates 2;^.^ = Xj/xi, y(i) = x^, for 
J 7^ ^• 

It is shown in HCalB that the group Gk = U{n)/'Lk is a maximal compact subgroup of the 
automorphisms of M via the natural action on \ {0}. Moreover, any Kahler metric gfj on 
M which is invariant under Gk is described on C" \ {0} as g^j = didju for a potential function 
u = u(p), where 

p = \og(^^\x,\'^ . (2.4) 

The potential function u has to satisfy certain properties in order to define a Kahler metric. 
Namely, a Kahler metric gq with Kahler form u = ^^^dijdz'^ A dz^ on M in the class (see (11.41) ) 

a = ^[Doo] - (2.5) 

is given by the potential function m : M — M with m' > 0, m" > together with the following 
asymptotic condition. There exist smooth functions mq, Moo : [0, 00) M with Mq(0) > 0, 
u'ooiO) > such that 

uo{e''P) = u{p) - ap, Moo(e~*^0 = u{p) - bp, (2.6) 
for all p e M. It follows that 

lim u'{p) = a < b = lim u'[p). 

p— > — 00 p—*OD 
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Note that the divisor Dq corresponds to p = — cxd while Doo corresponds to p = oo. The Kahler 
metric g^-j associated to u is given in the Xi coordinates by 

g,-j = did^ = e-Pu'{p)6i, + e-^PxiX,{u"{p) - u'{p)). (2.7) 

Conversely, a Kahler metric g determines the function u up to the addition of a constant. 
The metric g has determinant 

det^? = e-"^(n'(p))"-^"(p). (2.8) 

Thus, if we define 

V = — log det g = np — {n — 1) log u\p) — log u"{p) (2.9) 

then the Ricci curvature tensor i?- = did^v is given by 

% = e~Pv'{p)5,, + e-^<'x,x,{v"{p) - v\p)). (2.10) 

Finally, we construct a reference metric Cj in the class a given by (12.51) . Define a potential 
function u by 

^(p) = ap + ^^^log(e'=^ + l). (2.11) 

Then one can check by the above definition that the associated Kahler form Cj lies in the class a. 
We observe in addition that Cj can be decomposed into a sum of nonnegative (1,1) forms. The 
smooth (1,1) form x = '^*^¥s ^ [Dh] is represented by the straight line function u^: 

Uxip) = P> X = ^^^ddu^. (2.12) 

In addition, let uq and 6 be respectively the potential and associated closed (l,l)-form defined 
by 

^i, = 21og(e'='' + l), e=^ddue. (2.13) 

The form 9 lies in the cohomology class 2[Z}oo]- Moreover, 

(b — a) , „ (6 — a) „ 

u = auy H ; — Me, and u = ax + - — ; — -9 e a. (2.14) 

2k 2k 

The following lemma will be useful later. 
Lemma 2.1 The smooth nonnegative closed (1,1) form 6 in 2[D^] given by ^2.731) satisfies 

X""^ A9>0 and / > 0. 

Proof Note that 



M 



2k 

^n-l ^ Q ^ ^n-l ^ > 

— a 



Also, from the construction of 6 and the formula (12.81) , we have /^^ 6*" > 0. □ 
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2.3 The orbifold P'^/Zfc 

Using homogeneous coordinates Zi, . . . , Zn+i, we let the group act on P" by 

j ■ [Zi, . . . , Zn+i] = [Zq, . . . ,Zn, e^'^-'^/^ Zn+l], 

for j = 0, 1, 2, . . . , A; — 1. The quotient space P"/Zfc has a natural orbifold structure, branched 
over the point [0, . . . , 0, 1] and the hyperplane {Z„+i = 0}. In addition, there is a holomorphic 
map / : M„ fc P"/Zfc given as follows. A point in 7r~^(Ui) with coordinates z-j^.-^ (for j ^ i) 
and fiber coordinate maps to the point in P"/Zfc with homogeneous coordinates 

or [0, ... , 0, 1] if = 0. The map / is well-defined because of the group action. Note that the 
inverse image /~^([0, . . . , 0, 1]) is the divisor Dq and 

/|m„,ado : \ ^0 ^ (PV^fc) \ {[0, . . . , 0, 1]} (2.15) 

is an isomorphism. In the case n = 2, k = 1, the divisor Dq is the exceptional curve on P^ 
blown up at one point and / : M2,i P^ is the blow-down map. 

Finally we note that there is a map — >• (P"/Zfc) \ {Zn+i = 0} given by 

(Xi, . . . , Xn) I [Xl, ■ ■ ■ , Xn, 1] • 

This map is A;-to-one on C" \ {0}. With respect to these coordinates (and the corresponding 
coordinates (xi, . . . , x„) on Mn,k as described above) one can check that / is the identity map 
onC"\{0}. 

3 Estimates for the Kahler-Ricci flow 

In this section we prove some estimates for a solution u{t) to the Kahler-Ricci flow (11.21) on 
M = M„ fc that hold without the assumption of Calabi symmetry. If the initial metric ujq lies in 
the class given by constants < oq < 6o then the Kahler class at of Lu{t) evolves by 

at = ^ilD^] - = ^-^^^[D^] + atlDn], (3.1) 

k K k 



where 
Define 



bt = bo — {k + n)t and at = + {k — n)t. (3.2) 



T = sup{t > I at is Kahler}. (3.3) 
Note that the Kahler metric Ut given by 

= atx + ^^^e (3.4) 

for t E [0, T) and 9 from Lemma [XT] lies in at- 

We observe that the Kahler-Ricci flow exists on [0, T). 
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Theorem 3.1 There exists a unique smooth solution of the Kahler-Ricciflow ^i.2P on M starting 
with ojq G aofor t in [0, T). 

Proof This follows from a general and well-known result in the Kahler-Ricci flow. Indeed, let 
X be any Kahler manifold and be a Kahler class on X with ujq E a^. If 

T = sup{t > I ao + t[Kx] > 0}, 

then it is shown in HCaolH . fTsll . HTZhaH that there is a unique smooth solution lu = cu{t) of the 
Kahler-Ricci flow (fLlI ) on X starting at uq, for t in [0, T). □ 

We now deal with the behavior of the flow as t — T in various different cases. 



3.1 The case k > n 

In this case, the class at remains Kahler for < t < T where 

bo - ao 



T 



2k 



As t — i> T, the difference bt — at tends to zero, while the constant at remains bounded below 
away from zero. 

The reference metric cut in at is given by 

iot = atx + ^^'^k"^ ^ " ""'^ ^ 

From (12.11) we see that the closed (1,1) form Q — [k — n)x lies in the first Chern class ci(M). 
Hence there is a smooth volume form Vton M such that 

^ ddlogVt = —6 + {k — n)x- 



1t\ 

We consider the parabolic Monge- Ampere equation: 



dt (T -t)n ' ^1-0 = ^0, (3.6) 

where uq + ^^'^ddipo = luq e ao. If ip = ip{t) solves (13. 6|) then 

u){t) = cut + ^^^^'^'^ 

solves the Kahler-Ricci flow (11.21) . 

Note that in the following two lemmas, we only use the assumption A; > n to obtain a 
uniform lower bound of the constant at away from zero, for t E [0, T). 

Lemma 3.1 There exists a constant C depending only on the initial data such that 

\^{t)\<C, cu"(t)<CQ. 
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Proof By Lemma [2?T1 since 



= {aa + (T - > n{T - t)ar'r-' A 9, 

there exist constants Ci, C2 > independent of t such that 

Ci{T - t)n < Lol' < C2{T - t)n. (3.7) 

Note that we are making use of the fact that at is bounded from below away from zero. To 
obtain the upper bound of consider the evolution of ^ = — (1 + IogC2)t. We claim 
that supjv^x[o,T) ^ = snp]^jip\t=o. Otherwise there exists a point {x,t) G M x (0, T) at which 
dtp/dt > and ^dd^Jj < 0. Thus, at that point, 

a contradiction. Hence supj^^icT) = ^^VM'^\t=o and thus (p is uniformly bounded from 
above. A lower bound on Lp is obtained similarly. 

For the upper bound of cj", we will bound H = log ^ — A(p, where A is a constant to be 
determined later. Writing tr^u' = n "^" ^S""^' where u' is any (1, l)-form, we compute 

where A denotes the Laplace operator associated to g{t). Since ip = H + Ap> — log(T — t) and 
6* > 0, we have 

= /^H + A^ip+{k-n)tx^x-^^J-A{H + Aip-\og{T-t)) 

at 

< AH + An- AatiVuX + {k - n)tr^x - - A^(p + A log T. 

Choosing A sufficiently large so that Aat > {k — n) and using the fact that ip is uniformly 
bounded, we see that H is bounded from above by the maximum principle. □ 

We have, in addition, the following estimate. 

Lemma 3.2 There exists a uniform constant C > such that 

tr<^X = n < C. 

Proof This is a 'parabolic Schwarz lemma' similar to the one given in HSoTll . We use the 
maximum principle. Let cups = "^^^a/j'^^" A be the Fubini-Study metric on P""i and let 
TT : M ^ pra-i tj^g bundle map. We will calculate the evolution of 



tr,(7r*/z) = g'^t^K-B = n (3.8) 



w 



10 



A standard computation shows that 

Aw = g'%dj{g'^iit7iKj 

= g^'g'm^K^'^K-, + g'^a'Hk^ljK-, - 9'^9''S,-,^-,ny^n2nl (3.9) 
where S^-j^^-^ is the curvature tensor of h^^. By the definition of w we have 

Aw > g^'^g'^^R^jn^n^h^-^ + g'^g'^Trr^^rrl-h^-^ - 2w\ (3.10) 

Now 

dt ~ ^ ^ dt 

= g^g^m,jntn^^K-p. (3.11) 

Combining (13.101 ) and (13.1 II) . we have 

- A)^ < -g-^g^^nl^n^.h^-^ + 2w\ (3.12) 
On the other hand, by a standard argument (see HYll for example) 

^ < g'^g^'^t.^l-K-, (3.13) 

and thus 

d 

{—- A)\ogw <2w. (3.14) 

We now compute the evolution of the quantity L = log w — Aip, where A is a constant to be 
determined later. From the arithmetic-geometric means inequality 

Ai + ■ ■ ■ + A„ 



n 



> (Ai---A„)i/", for Ai,...,A„>0, 



and (13.71) we have, 



tr.cl't>n 4 >c ^ , (3.15) 



for a uniform constant c > 0. Then, using the inequality tr^ci)^ > atw together with (|3.14|) and 
(13131) . 

— - A] L < 2w- Alogi — — ] +An- Atr^Ut 



dt J - ^\{T-t)n 

< -w + Alog{- —]+An "'^ ' 



where we have chosen A sufficiently large so that {A — l)at > 3. Note that the function 
fi A log /i — c/i^/" for /i > is uniformly bounded from above. Hence if the maximum of 
L is achieved at a point (xq, to) G ^ x (0, T) then, at that point, iv is uniformly bounded from 
above. Since we have already shown in Lemma ISTl that (p is uniformly bounded along the flow, 
the required upper bound of w follows by the maximum principle. □ 
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3.2 The case l<k<n-l 



There are three distinct types of behavior here which depend on the choice of initial Kahler class 
ao. We deal with each in turn. 

3.2.1 The subcase aQ{n + k) = bo{n — k). 

In this case ao = (0.0/ — k))ci{M) and the class at = {ao/{n — k) — t)ci(M) is proportional 
to the first Chern class. After renormalizing, this is the Kahler- Ricci flow (11.11 ) with A = 1 on 
a manifold with ci(M) > 0. It is shown in HFIKI that M admits a Kahler-Ricci soliton and 
we refer the reader to the results of HTZhuB and also I1PSSW3II . For our purposes, we only need 
the fact that the diameter of the metric is bounded along the normalized Kahler-Ricci flow llPTI . 

3.2.2 The subcase aQ{n + k) > hQ{n — k). 

In this case the Kahler class at remains Kahler until time T = {bo—ao)/2k. We have limt_^T bt = 
Umj^T at > as in the case k > n. Lemmas |3 . 1 1 and [33] hold with the same proofs in this case 
since, as pointed out in Section 13. 1[ we only used there the fact that at is uniformly bounded 
from below away from zero. 

3.2.3 The subcase ao(n + k) < bQ{n — k). 

In this case the Kahler class at remains Kahler until time T = ao/{n — k). As t ^ T, at tends 
to zero while bt remains bounded below away from zero. The metrics uit and classes at satisfy 
the following properties for all t E [0, T): 

(1) The limit ut = liin cjt is a smooth closed nonnegative (1,1) form satisfying /^^ > 0. 

(2) For all e > sufficiently small (independent of t), the class at — £[Dq] is Kahler. 

Indeed, (1) follows from Lemma [2n and (2) is immediate from the definition of at- We will 
use these properties to prove the following (cf. llTsjl , HTZhaL UZhall ). 

Theorem 3.2 Let u!{t) be a solution of the Kahler-Ricci flow on M starting at ujq in a^ with 
aoin + k) < bo{n — k). Then: 

(i) IfQ is aflxed volume form on M then there exists a uniform constant C such that 

u''{t)<CVt, foraUt G [0,T). 

(ii) There exists a closed semi-positive (1,1) current ojt on M which is smooth outside the 
exceptional curve Dq and has an L°° -bounded local potential such that following holds. 
The metric uj{t) along the Kahler-Ricci flow converges in on compact subsets of M \ 
Dq to ujt ast ^ T. 
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Proof This result is essentially contained in HTZhaL UZhaL but we will include an outline of the 
proof for the reader's convenience. First, define a closed (1,1) form 77 by 

d 

V = -Q^^t = {k- n)x - 0, 

so that the reference metric ut is given by ojt = (^0 + trf. Since —r] is in ci(M) there exists 
a volume form on M with ^^^^ddlogVt = rj. Let (/? = Lp{t) he a solution of the parabolic 
Monge- Ampere equation 

{cot + ^dd^r ..... 

with (p\t=o = 0, for t e [0, T). Then Lu{t) = u + ^ddip solves the Kahler-Ricci flow (fTIl) . 
We will first bound Notice that </? is uniformly bounded from above by a simple maximum 
principle argument. To obtain a uniform L°° bound on if we will show that is uniformly 
bounded from above for t E [T/2, T). Compute 

- A)v9 = tr^r^. (3.17) 

Then 

i^-A){tip-ip-nt) = -tr^iUo<0, (3.18) 

using the fact that Ayj = n — tr^((io + tf])- It follows from the maximum principle that is 
uniformly bounded from above. Hence is uniformly bounded from above for t in [T/2, T). 
Rewrite (13.161) as 

{u;t + ^^a^v?)" = e'^n. (3.19) 

271 

By property (1) above, the Kahler metric Ut satisfies J^^u^ > c > for a uniform constant c for 
all t G [T/2, T) and the limit ut is a smooth nonnegative (1,1) form. Hence we can apply the 
results of flKolH . UZhaH . PEGZII on the complex Monge- Ampere equation to obtain an L°° bound 
on Lf which is uniform in t. Note that part (i) of the Theorem follows from the upper bound of (p. 
For (ii), we use property (2) of at as listed above. The argument of Tsuji [TTslI (cf. nYlH ) gives 
second order estimates for 93, depending on the estimate, on all compact sets of M \ Dq. 
The rest of the theorem follows by standard theory. □ 



4 Estimates under the Calabi symmetry condition 

In this section we assume that the initial metric uq satisfies the symmetry condition of Calabi. 
We prove estimates for the solution of the Kahler-Ricci flow and in particular we give a proof of 
Theorem 1 1.21 (see Theorem 14.11 below. ) 

Let (x!{t) be a solution of the Kahler-Ricci flow (11.21 ) on a time interval [0, T). The Kahler- 
Ricci flow can be described in terms of the potential u = u(p, t). Noting that uj determines u 
only up to the addition of a constant, we consider u = u{p, t) solving 

d 

—u{p,t) = logu"{p,t) + {n - l)\ogu'{p,t) - np + ct, (4.1) 
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where 

ct = -logM"(0,t) -{n- l)M'(0,t). (4.2) 

The notation u\p, t) denotes the partial derivative {du/dp){p, t) and similarly for u"{p, t). We 
assume that p i— > u(p, 0) represents the initial Kahler metric qq and we impose the further 
normalization condition that 

m(0,0) = 0. (4.3) 

Then by (12.91 ). the solution g = g{t) of (11.21 ) can be written as = did^i. The constant q is 
chosen so that ^m(0, t) = and thus m(0, t) = on [0, T). The existence of a unique solution 
of the Kahler-Ricci flow on [0, T) and the parabolicity of (14.11 ) ensures the existence of a smooth 
unique u{p, t) solving (14.11 ). 

The Kahler metric at time t lies in the cohomology class 

along the flow, where at and ht are given by (|3.2I) . We have 

lim u{p,t) = at, lim u{p,t) = ht 

p— >— oo p— >oo 

and by convexity 

at < m'(p, t) < ht, for aU p e M. 
Next, the evolution equations for u' , u" and n'" are given by 

d , u'" {n-l)u" 

d_n ^ n^'^ {u'"f {n-l)u'" (n-l)K)^ 

(9t n" (n")2 n' (u')^ ^ 

9 3n'"n(4) 2(n'")3 (n - l)uW 

-u 



dt u" {u"y {u"f u' 

?,{n-l)u"u"' 2{n-l){u"f 



(4.6) 



as can be seen from differentiating (14.11) . 

For the rest of this section we assume that u = u{p,t) solves the Kahler-Ricci flow (14.11) 
with dU) and (1431) . 

4.1 The case k > n 

The following elementary lemma shows that as t ^ T = (6o — ao) / 2k, the potential u converges 
pointwise to the function axUy^. 

Lemma 4.1 The function u = u{p, t) satisfies, for all p in M, 

(i) < n'(p, t)-at< 2k{T - t),for all t G [0, T); 
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(ii) \im{u{p,t) — anpp) = 0. 

Proof (i) follows immediately from the convexity of u and the definition of at and bt. For (ii), 
recall that n(0, t) = for all t e [0, T) and so 



u{p,t) — atp = / {u'{s,t) — at)ds 
Jo 

Applying (i), 

\u{p,t) -atp\ < 2k{T -t)\p\ — > 0, 
as t ^ T, while at a^- □ 

As a simple application of this we prove a lower bound for the Kahler metric along the flow. 

Lemma 4.2 Along the Kdhler-Ricci flow, we have 

^it) > atX 

for all t in [0, T). 

Proof With a slight abuse of notation, we write x = '^^^X-ijdz'^ A dz^ . Then by (12.71) . 

gij{t) = e~''u5ij + e~'^''xiXj{u" — u), Xi] = e~^Sij — e~'^''xiXj. (4.7) 
Since u" > and u' > at. 



as required. □ 

We have the following further estimates for u which will give an upper bound for the metric 

uit). 

Lemma 4.3 There exists a constant C depending only on the initial data such that 

< n"(p,t) < Cmin {j^^^,. (T - t)) (4.8) 

and 

\u"\p,t)\<Cu'\p,t) (4.9) 

for all {p,t) e M X [0,T). 
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Proof We begin by establishing the bound 

u"{p^t)<Cj^^^. (4.10) 

Let % be the reference metric with associated potential uq (see (13.41) ). Then from (12.81) we see 
that 



det^o = e-"^K(p))"-'^o(p) 

= /c(6o - ao)e""'' I ao + (6o - oo)- 



gfcp) J (1 + e'^P)^ 



< Ce"""- TTTT- (4.11) 

By Lemma [3m the volume form cj" is uniformly bounded from above by a fixed volume form 
along the flow, and hence del g{t) < C det^o for some uniform constant C. Combining this 
fact with (IZ81) and (14.111) . we have 

(^'(p,t)r-V(p,t)<C^^^^, (4.12) 

Then (14.101 ) follows, since u'{p) is uniformly bounded from below away from zero. 

Next, we give a proof of the bound (14.91) . We will apply the maximum principle to the 
quantity u'" /u" . Before we do this, observe that for each fixed t E [0, T), 

u"'(p,t) , u"'(p,t) , 

hm -jjP-!- = /c, hm -^jf^ = -k. (4.13) 

p^-oo U [p,t) P^oo u \^p^t) 

Indeed, for the first limit, we can compute u'" / u" in terms of the function s i— > mq (s, t) associated 
to u. From (12.61) . 

u{p,t) = atp + uoie''P,t) 

u'{p,t) = at + ke'"'u'o{e''P,t) 

u"{p,t) = ee''Pu'Q{e'''',t) + ee^''Pu'^{e''P,t) 

u"'{p, t) = k^^e^Pu'^ie^P, t) + ^k'^e^^Pu'^ie^P, t) + k^e^^^u'llie^P , t). (4.14) 

Hence 

u"\p, t) _ kn'oie'^P, t) + ?,ke^Pul{e^P, t) + ke'^''Pu'^{e^P , t) 
u"{p, t) ~ u'Q{e''P, t) + e^Pul{e^P, t) 



fc, as p — ^ — oo, 



since Mo(0, t) > 0. The second limit can be proved in a similar way using the function 
Using (|43I) and (l46l) we find that u"'/u" evolves by 



d fu"'\ 1 3y///^(4) 2{u"'f (n-l)M(4) 3{n-l)u"u"' 2{n - l){u"f 



+ 



dt V u" J u" V u" {u"y {u")^ u' (m')^ W 

u'" fu^""^ {u'y ^{n- l)u"' {n - l)(n")' 



(n")2 V u" (n")2 m' (u') 
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To obtain an upper bound of u'" /u" we argue as follows. From (14.131 ) we may assume without 
loss of generality that the maximum of u'" /u" occurs at an interior point (pi, ti) G M x (0, T). 
At that point, 



u"'\' iu'"? 



{u") 



2 







and 



Then at (pi, ti 



and hence 



u"'\" 3m'"m(4) {u"'Y 



{u"Y {u"f 



d (u"'\ ^ 2{n-l)u"' , 2{n-l){u"f 



dt \u" J - {u'Y {u'f 



-){puh)<\^]{p,^h)<C^ 



using (14.101) . This gives the upper bound for u'" /u" . The argument for the lower bound is 
similar. In fact, since u" > we obtain u'" /u" > —k. This establishes (14.91) . 

It remains to prove the estimate u" < C{T — t). Fix t in [0, T). Since the bound (14.101) 
implies that u"(p) tends to zero as p tends to ±oo, there exists p G M such that 

u"{p) = sup u"{p). 



By the Mean Value Theorem and (14.91 ) we have, for all p G M, 

u"{p) - u"{p) < Cu"{p)\p - p\. 

Then for |p - p| < 1/2(7, 



U (p) > — — : 



and hence 



^u"ip) = [ ^dp < r u'\p)dp = h-at = 2k{T - t). 

J\p-p\<l/2C ^ ~'-oo 

The bound u" < C{T - t) then follows. □ 

We can now use these estimates on u to obtain bounds on the Kahler metric uj(t) along the 
Kahler-Ricci flow. In the following, uj(t) will always denote a solution of the Kahler-Ricci flow 
(11.21) with initial metric luq satisfying the Calabi symmetry. 

Theorem 4.1 We have 



(i) suptrg„5( < C. 

M 



(ii) For any compact set K G M \ {D^o U Dq), 



sup |Vg„fif|§o < Ck- 

K 
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Proof An elementary computation shows that 

u" , ^^u' 



But we have u' /u'q < bo/ao and, making use of Lemma l4.3[ 

^ = Ji±^!!lL^" < c 

and this gives (i). 

We now prove (ii). By (i) it suffices to bound 

d _ _ _ 

,7 = e~'^^{u" - u'){xkSij + XiSjk) + e~'^^XiXjXk{u"' - 3u" + 2u'), 



dx 

in a given compact set K C M \ {D^ U Dq). But u" and m'" and uniformly bounded from above 
by Lemma |431 and in K, the functions p and Xj are uniformly bounded. This gives (ii). □ 

From Lemma |4~2] and Theorem 14. II we obtain the following immediate corollary. 

Corollary 4.1 We have 

^ < diamg(^t)M < C. 

Moreover we prove: 
Theorem 4.2 Define (p = (p{t) by 

u:{t)=Cjt + ^^dd^, (^|p=o = 0. (4.15) 

Then for all j3 with < j3 < 1, 

(i) (f tends to zero in C~f{M) ast^T. 

(ii) For any compact set K C M \ {Doo U Dq), if tends to zero in Cff{K) as t ^ T. In 



particular, on K, uit) converges to axX on C?^{K) ast^T. 



Proof By the normalization of we have <^(t) = u{t) — Ut. Ast ^ T, Ut tends to a^Wx- Then 
by Lemma l4~n converges pointwise to zero. Taking the trace of (14.151) with respect to go, 
applying the first part of Theorem 14.11 and using the fact that tVg^gt is bounded, we see that A§g(^ 
is uniformly bounded on M, giving (i). The second part of Theorem 14 . 1 1 gives (ii). □ 

Finally, we use the estimates of Lemma |431 together with the bound of Lemma [X2l to show 
that, away from the divisors -Dq and D^o, the fibers are collapsing. 

Theorem 4.3 Let vr"^(z) be the fiber of tt : M P""^ over the point z G P""^ Define 
oJzit) = cij(t) 1^-1(2). Then for any compact set K C M \ (Dq U D^o), there exists a constant Ck 
such that 

sup ||c.'.(t)||co(.-i(.)nx) <Ci,(T-t). (4.16) 
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Proof Fix a compact set K C M\ {Dq U Doc) - From (12.81 ) we see that on K, the quantity 
is uniformly equivalent to u". Then by Lemma |431 there exists a constant Ck such that 

<Ck{T- t)n{x), for a; G /ST. (4.17) 

Now at a point x E K, choose complex coordinates z^, . . . , z"- so that 



Y n— 1 / J n 

- ^ ciz* A cii^ and u = -- — ^ Xidz' A 



27r ^ 27r 

i=l i=l 

for Ai, . . . , A„ > 0. The coordinate 2" is in the fiber direction and we wish to obtain an upper 
bound for A„. From Lemma [3^ we have 

n— 1 ^ 

1 

Hence Ai, . . . , A„_i are uniformly bounded from below away from zero and we have, for uni- 
form constants C, C, 

\n<C—^^^<C'-CK{T-t) 

from (14.171) . This proves (14.161) . □ 



As a corollary of this and Theorem 14. 11 the diameter of the fibers goes to zero as t tends to 

T. 

Corollary 4.2 As above, let ti^^^z) be the fiber of it : M ^ -pn-i ^^^^ point z G P""^ 
Then 



lim ( sup diamg(t) TT ^{z)\ = 0. 



Proof Fix £ > 0. By Theorem 14. 1[ (i) there exists a tubular neighborhood of Dq U D^o such 
that for all z G P""^ and all t G [0, T), 

dmmg^t){7r-\z) n N,) < ^. (4.18) 

On the other hand, applying Theorem 14. 3 1 with K = M \ vjc see that for t sufficiently close 
to T, 

diam,(i)(7r-i(^)nK)<|, (4.19) 

for all z G P""^ Combining (14.181) and (|4.19l) completes the proof. □ 



4.2 The case 1 < A; < n — 1 

As in section [X2I there are three subcases. We do not require any further estimates when ao(n + 
k) = bo{n — k) and so we move on to the other two cases. 
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4.2.1 The subcase ao{n + k) > bo{n — k). 

We obtain all the results of subsection l4.1l by identical proofs. The key point is that, in this case, 
at is uniformly bounded from below away from zero. 

4.2.2 The subcase aQ{n + k) < bo{n — k). 

Recall that in this case, at = ao + {k — n)t tends to zero as t tends to the blow-up time T. Note 
that by part (ii) of Theorem 13. 21 we already have C°° estimates for the metric g{t) on M\Dq. In 
this subsection we will obtain estimates for the metric in a neighborhood of Dq. First we have 
the following estimate on u'. 

Lemma 4.4 There exists a uniform constant C such that for all t G [0, T) and all p G M, 

< u\p,t)-at < Ce^p'"". 

Proof The first inequality follows from the definition of at and the convexity of u. For the upper 
bound of t) — at we argue as follows. By part (i) of Theorem 13. 21 the volume form of uj(t) 
is uniformly bounded along the flow. Then by the same argument as in the proof of (14.121) . we 
have 



gfcp 



K(p,t))«-V(p,t) < C ,^ , < Ce'^P. 



Hence 

Integrating in p we obtain 
and thus 



{iu'{p,t)ry<ce'p. 

{u\p,t)r-a^<Ce'P 



u'{p,t) < at + Ce-P, 

as required. □ 



Note that the conclusion of Lemma 14.41 could be strengthened for p > 0. However, in 
this subsection we need only concern ourselves with the case of negative p since the metric is 
bounded away from Do- 
Lemma 4.5 There exists a uniform constant C such that 

u" <C{u' — at){ht — u). 

In particular, 



u 
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Proof We evolve the quantity H = \ogu" — \og{u' — at) — \og{bt — u'). Using (14.41 ) and (14.51) 
we compute 



dH 


1 






'dt 




V u" 


{u"y 

fu'" 






u' — at 
' i 


r u"' 






bt-u'^ 





,ll\2 



(n - l)u" ^ 



<^ - M . (4.20, 



Before applying the maximum principle we check that H remains bounded from above as p 
tends to ±oo. For the case of p negative we use (14.141) to obtain 

n"(p, t) _ ke'^Pu'^^e^P, t) + ke^^Pu'^^^e^P , t) 



{u'{p,t) - at){bt - u'{p,t)) e>'Pu'o{e''P,t){bt -at- ke^Pu'^ie^P ,t)) 

^ k ^ ke^Pul{e''P,t) 



bt-at- ke^Pu'Q{e^P,t) u'Q{e^P,t){bt - at) 
k 

bt - at 

as p tends to — oo, where we are using the fact that UQ{0,t) > 0. Note that bt — at remains 
bounded from below away from zero. Similarly, we can show that H is bounded from above as 
p tends to positive infinity. 

Suppose then that H has a maximum at a point (po, to) ^ x (0, T). Then at this point, we 
have 



u'" u" u" 



u" u' — at bt — u' 

and 

(u'")^ u'" fn")' u'" (n")' 



(4.21) 

< 0. (4.22) 



u" (n")2 u'-at (n'-at)2 bt-u' {h - u')^ 
Combining (14.201) . (14.211) and (14.221) we see that at (po, to), 

,, , 1 1 \ in- l)u" k k 
< -u" — + — - ^ , A + + 



and hence 



u' — at)"^ {bt — u')"^ J (u')2 u'-at h — u' 



u" ^ kjbt - at) ^ 

{u' - at){bt - u') - {u' - at)'' + {bt - " ' 



and the result follows by the maximum principle. □ 



5 Gromov-Hausdorff convergence 

In this section we prove Theorem 1 1.3 1 (and hence also Theorem ll.il ) on the Gromov-Hausdorff 
convergence of the Kahler-Ricci flow. We assume in this section that g{t) is a solution of the 
Kahler-Ricci flow (II. 2|) on [0, T) with initial metric qq satisfying the Calabi symmetry condition. 
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We begin by recalling the definition of Gromov-Hausdorff convergence. It will be convenient 
to use the characterization given in, for example, Q or HGWII . Let (X, dx) and {Y, dy) be two 
compact metric spaces. We define the Gromov-Hausdorff distance douiX, Y) to be the infimum 
of all e > such that the following holds. There exist maps F : X ^ Y and G : Y ^ X such 
that 

\dx{xi,X2) - dY{F{xi),F{x2))\ < e, for all Xi, X2 G X (5.1) 

and 

dx{x,G o F{x)) < e, forallxGX (5.2) 

and the two symmetric properties for Y also hold. Note that we do not require the maps F and 
G to be continuous. 

We say that a sequence of compact metric spaces (Xj, dxj converges to {Y, dy) in the sense 
of Gromov-Hausdorff if dQYi{Xi^ Y) tends to zero as i tends to infinity. 

5.1 The case k>n 

Again we consider first the case when k > n. We prove the following. 

Theorem 5.1 (M, g{t)) converges to (P""^, axgrs) the Gromov-Hausdorff sense ast^T. 

Proof We write dg(^t) and d^ for the distance functions on M and P""i associated to g{t) and 
axujps respectively. Let £ > be given. Let a : P"~^ M be any smooth map satisfying 
71 o a = idpn-i such that cr(P"^^) does not intersect Dq U Doc- We first verify that (15.21 ) (and 
its analog for Y) hold whenever t is sufficiently close to T. We are taking here {X, dx) = 
{M,dg{t)), {Y^dy) = (P""\c?t), F = tt and G = a in the definition of Gromov-Hausdorff 
convergence. 

For a; e M, by Corollary |4!2l 

dg(t){x,a ott{x)) < diam3(t)(7r~^(7r(x))) — >0 

uniformly in x as t ^ T. Moreover, for any y in P"^\ c^Fs(y, tt o a(y)) = holds trivially. 

Now we verify (|5.1I) . First, again by Corollary 14. 2 [ we choose t close enough to T so that 
for all z in P"-\ 

diamg^t){TT-\z)) <e/A. (5.3) 

For any Xi,X2 E M, let yi = 7i{xi) E P""-*^. Let 7 be a geodesic in P""i such that dx{yi, ^2) = 
^argrAl)^ whcrc Laj,gy^{'^) is the arc length of 7 with respect to axyvs- Choose a small tubular 
neighborhood N of DqU D^o so that cr(P"~^) does not intersect N . Then 7 = cr o 7 is a smooth 
path in M \ Adjoining the points x\ = cr(yi) and X2 = cr(y2)- By Theorem 14. 2 [ g{t) converges 
to aTTT*gFs uniformly on M \ N, and hence for t sufficiently close to T, 

^3W(7) <^a^9Ps(7)+^/2. (5.4) 

Then from and (l54l) . 

6 £ 

dg(t){xuX2) < dg(t){x[,x'2) + 2 - ^9(*)(7) + 2 - ^«t9fs(7) + £ = dT{yuy2) +e. (5.5) 
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On the other hand, by Lemma |4~2l 



dg(t){xi,X2) > i-^j dTiyi,y2), (5.6) 

and at^axast^T. Combining (15.51) and (15.61) gives 

\dg^t){xi, X2) - dT(7r(xi),7r(x2))| < e, 

and hence the first case of (15.11) . 

The second case of (15.11) is simpler. Let yi,y2 be in P""i and write Xj = ^{yi). Since 
(t(P"~^) does not intersect Dq U Z^oo, we can apply Theorem l4.2l to obtain the following conver- 
gence uniformly in t and the choice of yi,y2, xi, X2: 

limc?g(4)(a;i,X2) =dT{yi,y2), 
as required. □ 



5.2 The case 1 < A; < n — 1. 

If aQ{n + k) > bQ{n — k) then one can apply verbatim the argument as in the case k > n and the 
Kahler-Ricci flow collapses to P"~^ 

If ao{n + k) = bo(n — k) , then ao is proportional to the first Chem class ci(M). As discussed 
in subsection 13. 2. 1[ the diameter is uniformly bounded along the normalized Kahler-Ricci flow 
with initial Kahler metric in ci(M). Then after scaling, the diameter tends to along the unnor- 
malized Kahler-Ricci flow. 

We consider then just the subcase ao(n + k) < bo{n — k). We will show that as t — T the 
divisor Dq in M contracts. First, we have the following lemma. 

Lemma 5.1 There exists a uniform constant C such that the metric g^-^ = gij{t) on \ {0} 
satisfies the estimate 

< aa.j + Ce('=-")''/"(5,„ (5.7) 

where Xfj = — e~'^^XiXj. 

Proof This follows from Lemmas [4.41 and |431 Indeed, 

g^-j = e~^u'6ij + e~'^^XiXj{u" — u) 

< Ce('=-")^/"<5,, + e-PaAj + Ce^^-^'^p'^'e-PxiXj - e-''PxiX,at 

since u'{p, t) > at. □ 

Recall that by Theorem 13.21 the metric gt along the Kahler-Ricci flow converges in C°° on 
compact subsets of M \ to a singular metric gr which is smooth on M \Dq. We will apply 
this and Lemma 15.11 to prove the following result on the metric completion of the manifold 

{M\DQ,gT). 
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Theorem 5.2 Let gj- be the smooth metric on M\ Dq obtained by 

9t = limfif(t), 



and let (M, d) be the completion of the Riemannian manifold (M \ Dq, qt) as a metric space. 
Then (M, d) is a metric space with finite diameter and is homeomorphic to the orbifold P"/Zfc 
(see Section \2J\i . 

Proof Let / : M — * P"/Z;c be the holomorphic map described in Section [23l Recall that 
/ restricted to M \ Dq is represented in the (xi, . . . , x„) coordinates by the identity map id : 
C" \ {0} \ {0}. Now / is an isomorphism on M\ Dq and Theorem 13.21 implies that g{t) 

converges locally in C°°(M \ Dq). Thus it only remains to check the limiting behavior of g{t) 
near Dq as t ^ T (that is, in a neighborhood of the origin in C"). 

We make a simple observation. Suppose g-ij is a continuous Riemannian metric on i? \ {0}, 
where i? = {(xi, . . . , a;„) G C" | [xip H — ■ + < 1}. Suppose in addition that gij satisfies 



the inequality 



3^3 - ^p^^i^ 



for some (3 < 2, where r = + ■ ■ ■ + Then the completion of {B \ {0}, (7) as a 

metric space has finite diameter and is homeomorphic to B with topology induced from C". 
Now from Lemma [STTl since ^ as t ^ T, we see that on C" \ {0}, 

C 

and hence the theorem follows from the observation above with (3 = 2{n — k) / n. □ 

In addition, the proof of Theorem 15.21 gives : 

Lemma 5.2 Let be an e-tubular neighborhood of Dq in M with respect to the fixed metric 
go. Then 

limlimsupdiamg(j)A^£ = 0. 

We can then prove: 

Theorem 5.3 (M, g{t)) converges to (M, d) in the Gromov-Hausdorff sense as t ^ T, where 
(M, d) is the metric space as described in Theorem \5.2\ 

Proof This is a simple consequence of the results described above. Identifying M with F"'/Zk 
as in the proof of Theorem 15. 21 let F : M — > M be the map corresponding to / : M — ^ P"/Zfc. 
Let G : M — > M be any map satisfying F o G = idj^ . Then it is left to the reader to check that, 
using these functions F and G, the Gromov-Hausdorff distance between (M, g{t)) and (M, d) 
tends to zero as t ^ T. □ 

This completes the proof of Theorem 1 1.31 
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